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1. Introduction 

Using the white noise framework, we define and study Gaussian pro- 
cesses whose covariance functions are the form 

(1.1) Kr{t,s) = r{t)+r{sy -r{t-s)-r{0), t,seR, 

where r is a continuous function such that 

r{-t) = r{ty, t G M, 
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and the kernel Kr{t, s) is positive (in the sense of reproducing kernels) 
on the real line. As we will recall in the sequel, such functions r have 
been investigated for a long time. Still, their applications in stochastic 
calculus seem to have been only partially developed. We mention in 
particular the recent work [291 P- 103]. In that work the notion of pro- 
cesses with covariance measure is introduced, and stochastic processes 
with covariance function of the form Kr are shown to belong to this 
class. We note however that the methods of [29J and of the present 
paper are completely different. 

Functions r such that the kernel Kr{t,s) is positive have been char- 
acterized by von Neumann and Schoenberg when r is real; see [Ml 
Theorem 1, p. 229]. For the case of complex-valued functions, see 
Krein [26] and [25], and Akhiezer, [H pp. 267-269] and the references 
therein. These are functions of the form 

(1,2) rit)=r„ + ,jt- fh«'-l-4^Y^, 

where ro = r(0) and 7 are real numbers with da a positive measure on 
M defined by an increasing right continuous function a, such that 

da{u) 
m2 + 1 



'1 Q^ / ""V"; / 



That the form (11.21) is sufficient to insure the positivity of the kernel 
Kr{t, s) follows from the formula 

r pitu 1 p—isu 1 

(1.4) Krit,s)= d(T{u), 

Jr u u 

see for instance [271 Theorem 4 p. 115]. For a discussion of this for- 
mula, see also [321 (7) p. 25]. The idea of the proof of the converse is 
given in the next section. 

Note that 

Kr{t, S) = Kr-r(0){t, s), 

and therefore one can always assume that r(0) =0. 

In the real valued case, with r(0) = 0, the function r takes the form 

f 1 — cos(tu) , , , 
= / ^dcy{u). 



The fractional Brownian motion then corresponds to the choice 

1 

2^' 



da{u) = —\u\^~'^^ du, He (0,1) 



giving 

ri ^) r(f) - ^^IfP^ with V - r(2 - 2H) cosjnH) 
(1-5) r{t)-—\t\ , with Vh - _ 2^^^ , 

and 

K^t, sf^-k^it, s) = ^{\tr+ \sr - \t - sn, 

with r denoting the Gamma function, as can be seen using the formulas 

1 — COs(t-u) 2H 



1 — COs(tM) 



-2|t|^^ cos{ttH)T{-2H) 
n\t\. 



When furthermore H = 1/2, then Vh = 1, r{t) = \t\ /2 and for t,s > 0, 
Kr(t, s) = min(t, s). 

By a theorem of Kolmogorov there exists a Gaussian stochastic process 
{Bnit)} indexed by M, which is called the fractional Brownian motion 
(with Hurst parameter H G (0, 1)), such that 

kH{t,s) = E{BH{t)BH{s)), t,seR. 

Stochastic calculus for Bh has been developed for quite some time; see 
for instance [12], [15], [18], [6]. In a subsequent paper we show how 
most of the results of these works are extended to the case of general 
covariance functions of the form (11.11) above. 

We mention also that functions r of the form (11.21) appear first in 
the work of Paul Levy [HT], in the result characterizing characteristic 
functions of infinitely divisible laws. More precisely, the characteristic 
function of a random variable is infinitely divisible if and only if, it is 
of the form expr(t), where r(t) is of form (11.21) : see [551 Representation 
Theorem]. Similarly, {Zu)u>q is an infinitely divisible random process 
if and only if 

where r is of the form (II. 2p . with r(0) = 0,7 = 0, and is called the 
characteristic exponent of the Levy process. See [Z, P- 12], [211 formula 
(9), p. 353]. This is the Levy-Khintchine formula, see [311 (formula (9) 
p. 353]. We also mention that positive kernels of the form Kr appear 
in the theory of Dirichlet spaces; see [T3| p. 5-12]. These aspects of the 
theory of kernels of the form Kr will not be studied in the present paper. 
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The paper consists of 7 sections including the introduction, and its 
outhne is as follows. In Section 2 we study and characterize the re- 
producing kernel Hilbert space associated with a kernel Kr(t,s). In 
Section 3 we associate with certain kernels Kr{t, s) an operator which 
will play a key role in the construction of the stochastic process with 
covariance Kr(t,s). This paper uses Hida's white noise space theory, 
and in Section H] we review the main features from white noise space 
theory which we will subsequently use. In Section O we recall the def- 
inition of the Wick product and of the Kondratiev space. Stochastic 
processes with covariance function Kr{t,s) are built in Section 6, and 
their derivatives are studied in Section 7. 

Some of the results presented here have been announced in the note [4J. 
The results of the present work are to be used in a subsequent paper 
where stochastic analysis of the processes considered here is developed. 

Finally a word on notation. We denote the Fourier transform by 

(1.6) / (w) = / e-'-^f{x)dx. 



The inverse transform is then given by 

(1.7) flu) = ^[ e'^^f{x)dx. 

The same notations are used for the Fourier transform and inverse 
Fourier transform of distributions. 

We set 

N= {1,2,3,...} and No = N U {0} , 
and denote by i the set of sequences 

(1.8) (ai,a2,...), 

indexed by N with values in No, for which only a finite number of 
elements aj ^ 0. 

2. Some remarks on the kernels Kr{t,s) 

As already mentioned, real-valued functions r for which the kernel 
Kr{t^ s) is positive on the real line (in the sense of reproducing kernels) 
were characterized by Schoenberg and von Neumann. For complex- 
valued functions, and by different methods, the following theorem has 
been given by Krein in 1944; see [271 Theorem 2, p. 256]. See also [H 

4 



§9 p. 268]. In Krein's result, the case a = oo is allowed, and then, 

t,s eR. 

Theorem 2.1. [27, Theorem 2, p. 256] The kernel Kr{t,s) = r{t) + 
r(s)* — r(t — s) — r(0) is positive for t,s E [—a, a] if and only if it is of 
the form ([O]) : 

jtu _ T _ 

+ 1 i u"^ 



r(t) =r(0)+z7t- / i e'*" - 1 - — ^, te[-a,a 



For completeness, let us recall that Akhiezer's proof [1, pp. 268-270] 
goes along the following lines; one first shows that r satisfies an in- 
equality of the form 

(2.1) \r{t)\<M{l + \tf) 

for some positive number M (we recall the proof of this inequality in 
the sequel; see Lemma [2.41 below). One then shows that the function 
H{z) = Jq r{t)*e^^^dt, which, in view of (12. ip . is analytic in the open 
upper half-plane, satisfies (see [U (2) pp. 268] and [28l p. 227]) 

H{z) - HiwY ff ^^^^^ s)e'''^e-''^*dtds, 

Z-W* JJjs^2_ 

and in particular has a positive imaginary part in the open upper half- 
plane. To conclude the proof, one uses Herglotz's representation for- 
mula for analytic functions with a positive imaginary part in the open 
upper half-plane (see for instance [H] Theorem 4.7, p. 25], [2] Theorem 
2 p. 220]). 

Formula (11. 4p allows to characterize the reproducing kernel Hilbert 
space associated with Kj. in terms of de Branges spaces. See Theorem 
12.31 below. We first make the following remarks: Let Xt denote the 
function of a real variable u 

xt{u) = — — , t e M, 

and let denote the closed linear span in h2{da) of the Xt for \t\ < T. 
Assume that 7^ Li2{da). Then, is a reproducing kernel Hilbert 
space with reproducing kernel of the form 

A{T, X)A{T, (jj)* - B{T, \)B{T, u)* 
-i(\-uj*) 

where A{T, X), B{T, X) are entire functions of finite exponential type. 
See [10], [H]. 
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Remark 2.2. The spaces were introduced by de Branges and play 
a key role in prediction theory. See [101 [TB]. When da{u) = du we 
have 

J^T = H2 e eTH2, 

where H2 denotes the Hardy space of the open half-plane, and where 
eT{z) = e*^"^, B{T, ■) = 1 and A{T, ■) = xt, with the reproducing kernel 
given by 

1 - er(A)er(w*)* 
-i{X-iu*) 

Let ^(M) denote the Schwartz space of rapidly decreasing functions, 
and let S^'{M.) denote the the topological dual of t5^(]R), that is, the 
space of tempered distributions. In view of the next two results, we 
recall the following: Condition ( 11. 3p insures that the measure da has a 
Fourier transform da which is a tempered distribution. Furthermore, 
this Fourier transform induces a distribution da{t — s) on the Schwartz 
space ^(M^) of functions of two real variables via the formula 

(2.2) (d^(t- s),0(t,s)) = /( // e-'^'^'^''(l){t,s)dtds] da{u). 
When f^da{u) < 00, we have that 

(d^{t - s), (f){t, s))= [[ \ [ e-'^'-'^'^daiu) \ (j){t, s)dtds 

= 11 da{t — s)(j){t, s)dtds. 
J Jr2 

Theorem 2.3. Let T < 00. The reproducing kernel Hilbert space 
TiTiKr) associated with Kr{t,s) fort,s G [— T, T] consists of functions 
of the form 

(2.3) Fit)= [ ^—^f{u)da{u), te[-T,T], f e J^t 

Jr 

with norm 

(2-4) ll-^llwT(i^r) = ll/l|L2(<i<T)- 

Moreover, by extending F{t) to the real line by formula (12.31) . F defines 
a tempered distribution and 

F'it) = 27T fda (t) 

V 

in the sense of distributions, and where fda denotes the inverse Fourier 
transform of the tempered distribution defined by fda. 
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Proof: Let F be of the form (12.31) and assume F = 0. Then / is 
orthogonal to all Xt? t ^ [—T.T] and therefore / = since / G 
Thus, (12 ■4p defines a norm. Furthermore, the choice / = {Xs)* in (12.31) 
leads to 

fiu)xs{u)da{u) = F(s), 



which proves the first claim. 

We note that the function F{t) extends to a continuous function on 
Indeed, for every t,h eM. we have 



(2.5) 









iu 




iu 



< 




if \u\ > 1. 



Using these inequalities we use the dominated convergence theorem to 
prove that 

\im F(t + h) = F(t), teR. 



Furthermore, (12.51) leads to the bound: 



\Fit)\ < \t\ I y{u)\da{u) + 2 



1 




l\u\>l 


u 



da{u) 



We recall that a is assumed right continous. When it has a jump at 0, 
we define 

F(t)=t/(0)(a(0)-a(0_))+ / f{u)xs{u)da,{u), 

Jr 

where dai has no jump at 0. The function F is in particular slowly 
growing, and therefore defines a tempered distribution (see |36l Theoreme 
VI p. 239], ^ §4, p. 110]). 



Let ip ey(R). The integral 

f{u)(p{u)da{u) 



fin) 

u + i 
7 



{{u + i)(p{u)) da{u) 



exists, since {u + i){p{u) is bounded and since l/{u + i) G L2{da). Thus, 



lU 



da{u)]dt< I \f{u)\da{u) / {t) 

\u\<l 



+ 2 



\u\>l 



u 



da{u) / ip (t) 



dt+ 
dt < oo. 



Using Fubini's theorem, we have 



f{u)da{u) \ V9 {t)dt 



1 



lU 



Lf {t)dt > f{u)da{u) 



and by integration by parts, we obtain 



1 , 



lU 



if {t)dt ) f{u)dcr{u) = - 



2n V iu)f{u)da{u). 



F{t)^{t)dt = -2n / V {u)f{u)da{u) 



Thus, 



and therefore we obtain on the one hand 

(F, if') = -27C (fda, ^) = -271 (fda, ^ 



On the other hand. 



Thus, F' = 2ti fda. 



□ 



In preparation for the proof of Theorem 12.51 below we now prove in- 
equahty fl2A|) . 

Lemma 2.4. Assume the kernel Kr{t,s) to be positive in M. Then 
(12. ip is in force, that is 

\r{t)\ < M(l + \tf) 
for some positive number M. 

Proof: We follow the arguments in [T], pp. 264-265], with slight mod- 
ifications. We first note that we may assume that r(0) = 0. The 
positivity of the kernel Kr{t, s) implies that the matrix 

Krit,t) Kr{t,-t) 
Kr{-t,t) Kr{-t,-t)^ 
8 



Ht)\ 

1+ i^r 



has a non-negative determinant. Therefore, 

|2r(t) -r(2t)| < |2Re r(t)|, 

and thus 

(2.6) |r(2t)| < 4|r(t)|. 
Let 

m 

Then, imphes that 

(2.7) R(2t) < ^^^^^^i?(t). 

l + 8|t|^ 

Let To G M+ be such that: 

4(1 + \tf) 
t > To ^ ^ ' V < 1- 
l + 8|t|^ ~ 

It follows from (12. 7p that R{t) is bounded in M by an expression of the 
form M(l + |t|^) for some M > 0. In fact, since r is continuous, one 
may take 



M = max |r(t)|. 

ie[0,To] 



□ 



Theorem 2.5. /ioWs i/iai 



dtds 



Kr{t, s) = r"{t - s) = da{s - t) 



V 

in the sense of distributions. Furthermore, for ip G S^{E.), da *ip is a 
function and it holds that ip G 



(2.8) {d(^^,{^y)y'(w.),y{m.)= / P^{-uy{da *p){u)du 



Before the proof, we make the following observation. We note that the 
right hand side of (12. 8p can formally be rewritten as 



V 

p{—uy{ / da (u — v)p{v)dv)du 



R 



where in general 



V 



da {u — v)p{v)dv 



is not a real integral, but an abuse of notation. 

In the proof of the theorem, use is made of properties of the space Om 
of multiplication operator in t5^(]R) (also called C°° functions slowly 
decreasing at infinity), see [37| p. 275], and of the space O'^ of dis- 
tributions rapidly decreasing at infinity, see [371 P- 315]. Recall ([371 
Theorem 30.3, p. 318]) that the Fourier transform is one-to-one from 
Om onto and from O'q onto Om- 



Proof of Theorem 12. 5t Since da defines a distribution in ^'(M), we 

V 

have that daE ^'(M); see for instance [37| Theorem 25.6, p. 276]. Let 

V 

ip e ^(M). The convolution da *ip is a function, and belongs to Om', 
see [361 P-248]. So, by [371 Theorem 30.3, p. 318] 

(2.9) {da *ip) e O'c- 

Now we compute (12.91) using [371 Theorem 30.4 p. 319] with (in the 

notation of that book) S =dae ^'(M) and T = G y{R) C O'c (see 
[23, Example 30.1, p. 315] for the latter inclusion), and obtain 

V ^ 

{da = da(p, 

which is a measure. Using the fact that O'^ C ^'(M) (see ^3, p. 318], 
[36]). we have 

(2.10) {dai^,(p*)yn^,yr^.= / \i^fda. 
But for G y{R) and ip G ^(M) we have: 

Let G y{R). Then the function 

Ip : u ip{—u)* 
is also in S^iR) and we have: 



V /V 

(j){—u)* {da *ip){u)du = (da *{p,ip 



da(p, Ip 

■ y- 
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since ip = {(p)* ■ Thus, f l2.10p can be rewritten as: 

{d<y^^^*)y'm,ym= / 'pi-uYida *^){u)du. 

Now let e ^(M^): We have 

/ 92 \ / 92 



\ dtds ' / \ ' dtds 

Kr(t, s)-^^(f)(t, s)dtds 

r{t)-^^^(l){t,s)dtds 

+ // r{sy-^(Pit,s)dtds 

r{t - s)-^^(f){t,s)dtds. 

Since r satisfies inequahty ( 12. ip . the above integrals make sense; the 
first and the second integrals on the right handside are identically zero 
since 6 is a Schwartz function. Thus, since 



{r"{t-s),<P{t,s)) = -(rit-s),^^<P 

r(t - s)-^^(f){t,s)dtds, 
it follows that 

Using ([L2D 



we get 

dtds J J]g,2 dtds 



rr d"^ 

r{t — s)—-—4>{t, s)dtds = II i'yit — s)—-—(f)(t, s)dtds- 



+ 1 J ^2 ) dtds 
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The first integral on the right hand-side vanishes since is a Schwartz 
function. The function 



K(t, s, u) 



i{t-s) _ 1 _ i{t-s)u 



if ii = 0, 



is continuous since 



i{t-s)u\ 1 _ {t-sf 



Moreover, we have the bounds 



\K{t,s,u)\ < 



it-s)'^+\t-s\ 



if \u\ < 1, 



^ if \u\ > 1. 



Therefore, 



da{u)dtds 



< 



< 



R2 



dtds 



dtds 



+ 



< K 



(f>{t,s] 



\K{t, s, u) \ da{u) j dtds 
{t-sf + lt-s 



\u\<l 



da{u) > dtds 



dtds 



cj>{t,s) 



\u\>l 



~'~ ' '■(icr(ti)|' dtds 



dtds 



<P{t,s){\t-s\+2f 



dtds < oo 



where 



K 



C da{u) 



< oo. 
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By Fubini's theorem and integration by parts we obtain 



s)dtds\ da{u 



e-i('-*)^d(r{u)^(f){t,s)dtds, 

and by (12. 2p we conclude that 

{r"{t-s),<j){t,s)) = (d^{s-t),<p{t,s) 
Thus, 

g^Krit, s) = r"{t -s)= da{s - t). 

□ 



, , I t\ Lb UjU, 

(3.1) / < oo. 



3. The operator 

We now focus on the case da{u) = m{u)du in (II. 2p . where m is a 
positive and measurable function such that 

m{u)du 
+ 1 

We define an (unbounded in general) operator Tm by 

(3.2) T:jXuf^-^/^)f{u), 

where / denotes the Fourier transform of /; see (II. 6p . The domain of 
T 

(3.3) dom{T^f^ i^f 

contains in particular the Schwartz space t5^(R) since m satisfies (13.10 
and since the Fourier transform maps ^(M) into itself. 

When m is summable, the integral in (13. 3p can be rewritten as a double 
integral as explained in the previous section: 

(3.4) f m{u)\f{u)\^du= f f f{t)f{sym{t-s)dtds. 

13 







2 1 


/ m{u) 
Jr 


fin) 


du < OO > 



When 

(3.5) m{u) = — l^r-'^, 

the operator reduces, up to a multiphcative constant, to the opera- 
tor Mh defined in [ig (2.10) p. 304] and in Definition 3.1 p. 354], 
and the function r{t) in fll.2p is given by fll.5p . We note that the set 
(13.31) has been introduced in [35| Theorem 3.1, p. 258] for m of the 
form ([33]). Multiplying ([33]) by 

2nH{l - 2H) 



r{2-2H) cos{7tH)' 

that is, considering 

Hjl - 2H) i_2H 
= n2-2H)cos{.H) 

and using [201 Formula 12, p. 170], that is, in the sense of distributions, 

j |x| V"^'rfx = -21(1 + A) sin \u\'^'\ A ^ Z, 

leads to (with A = 1 - 2H) 



H{1 - 2H)T{2 - 2H) sin (^^^^) 
= r(2-2if)cos(.if) 



\2H-2 



2H{2H - 1) |u 



2H-2 



See [la (2.1), p. 584]. The norm defined in ^ (2.2), p. 584] is 
then equal to (13. 4p . 

The operator will play a key role in the sequel. We now study its 
main properties. 

Lemma 3.1. For every t G R, the function 

^def. fl[o,t], if t>0, 
if t<0, 

belongs to the domain ofTm- 

14 



Proof: We consider the case t > 0. The case where t < is treated in 
a similar way. We have 

2 



m{u)\l[o,t]iu)\ du 







/ m{u) 




/ — oo 


—iu 



+ 

+ 



m[u] 



■ 1 

oo 



- 1 



miu, 



—lU 

-itu _ \ 2 



du+ 
du+ 
du. 



-lU 



The first and last integrals converge in view of (13. ip . and the second is 
trivially convergent. □ 



Theorem 3.2. The operator Tm is self- adjoint and closed. It is hounded 
if and only if m is bounded. 

Proof: For / and g in the domain of we have 

Thus, C and the operator is hermitian. We show that 
it is self-adjoint: let g G dom (T^). The map / {Tm f , g) i^^^^) is 
continuous and so is the map 



f^(T„J,g) =i^f,g 

\ I L2(R) \ 

and the map 

/ ^ {I.Vmg 



L2(K) 

is also continuous. By Riesz representation theorem, ^Jrrlg G L2(M), 
hence g G dom (T^) and we get C T^. 

We now show that is closed: let fn^f and T^fn 9- We have 
fn f. Thus Tmfn ^ g leads to T^fn g, and thus ^/mfn g. 
By [m Theoreme 2.3, p. 95] there exists a subsequence Uk such that 

/rife f point-wise a.e. and so T^f-nk ~^ 9 point- wise a.e., and we have 
Tmf = 9, a.e. 

Finally we show that the operator is bounded if and only if m is 
bounded. First, if m is bounded then there exists a K > such that 
|m(M)| < K for any m G M and we get, for any / G 

m{u)\f{u)\'^du < K [ \fiu)\^du, 
Jr 
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so Tm is bounded since the Fourier transform is an isometry. Now if 
Tm is bounded, then there exists a. K eM. such that for any / G 



/(«) 



du< K 



f{u) 



du. 



Assume that m is unbounded. Then for any G N there exists a 
measurable set Ej^ such that X{En) > (A denotes the Lebesgue 
measure) and m{u) > N on E^, where, without loss of generality, one 

may take E^ such that X{En) < 1. Define such that fn = ^En '^^ 
Ej^. We then have 

2 







2 f 










fn{u) 


du < ra{u) 


fn{u) 


^du<K f 


fn{u) 






J Ef^ 




J Ejsr 





N 



hence N < K, but this is impossible, so m is bounded. 



du. 



□ 



For m{u) = ^lu]^^"^^ , we have that 

(3.6) supp Tmit C supp It, t G M. 

In general this property will not hold, as we now illustrate with a 
counterexample. This example is of particular importance to mark the 
difference between our approach and the approach presented in [3]. 

Example 3.3. Let m{u) 



4„ 2u^ ^ l^oyQ 



(T^l[o,t])(s) 



= u e 
1 

2^ 



2m 
1 

'2TTi 

1 



3*.n^2g-n- 



2 e 



-itu 



- 1 



-du 



—lU 

-itu 



l)du 



+ 



ue 



2m 

$(s) -<l>(s-t). 



du 



where 

We have: 
$(.) = 

Thus, 



1 

2Td 



1 

27ri 



(in 



1 _Z 
e 4 

27ri 



e 4 



4v^ 



(^ml[0,t])('' 



40F 



{t — s)e 4 -)- 4 
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The support of the function Tm{It) is not bounded, and in particular 
fl3.6l) is not in force. 

When m is bounded, we note that Tm is a translation invariant opera- 
tor. 

We now recall the definitions of the Hermite polynomials and of the 
Hermite functions. Then, in Proposition 13.61 below we study the action 
of the operator on Hermite functions. 

Definition 3.4. The Hermite polynomials {hn{x) n G No} are defined 
by 

2 /-/'^ 2 

/i„(x)'M-(-l)«e^ — (e-^), n = 0, 1, 2 . . . . 
Definition 3.5. The Hermite functions are defined by 

r f -def./in-i(v2x)e- — 

hn{x) = — ^^===-, n = 1, 2, . . . . 

7r4 — Ij! 

The following proposition the main properties of the Hermite functions 
which we will need; see |8l p. 349] and the references therein. 

Proposition 3.6. [H p. 349] The Hermite functions n G N} 
form an orthonormal basis o/L2(]R). Furthermore, 

Cn^^ if \u\ < 1\fn^ 
Ce-T"' if \u\ > 2v^, 



(3.7) \hniu)\ < 



where C and'-/ > are constants independent ofn. Finally, the Fourier 
transform of the Hermite function is given by 



(3.8) hn{u) = V27r(-l)"-i/i,(n). 



Using the previous proposition, we now study the functions T^hn- 

Proposition 3.7. Assume that the function m satisfies a bound of the 
type: 



(3.9) m{u) < 



K \u\ if \u\ < 1, 
K' if \u\ > 1, 

where b < 2 and < K, K' < oo. Then, 



(3.10) iT^hn){u 



where Ci and C2 are constants independent of n. 
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Proof: Using fl3.8l) we have 



< 



1 

1 



/27r 



K{y) ^Jm{y)dy. 



We now compute an upper bound for the integral 



hn{y) V T^{y)dy = h + h + h 



where 



h 
h 
h 



■oo 
oo 



hn{y) \/m{y)dy, 



2v^ 



K{y) \/m{y)dy, 
hn{y) \/m{y)dy. 



By ( 13. 7p we have 



h<c 



e '^^^ ^ym{y)dy, 



lo < Cn 12 



2v^ 



2v^ 



^/m{y)dy, 



h<C 



^/m{y)dy. 



2v^ 



We have: 



2v^ 



2v^ 



^/m{y)dy 



+ 



^/m{y)dy + 

2v^ 

\/m{y)dy 



Vrn{y)dy+ 



< VK' 



+ VK' 



dy + / \yf^ dy+ 

2v^ 
201 

dy 



2^fK'{2^ - 1) + 4v^-l-, 

2 — 
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so that we get 



Furthermore, 



Jr 



Finally we get 



{TMiy) < 4=(Ci^* + C2n-T^ + 2C3) 
V Ztt 



< Cin^ + C2 



for appropriate Ci and C2. 



□ 



Lemma 3.8. The function Tmhk is uniformly continuous for every 
k More precisely, it holds that 

(3.11) \{Tjik)(t) - {Tjik){s)\ < \t-s\[Cik^^+C2}, 

where Ci and C2 are constant independent of k. 
Proof: Let s e R. We have 

{Tjik){t)-{Tjik){s) = ^ 



\k-l 



27r 



Taking into account that 

|g-mt_g-ms| < \u{t-s)\, 

we get 

\t~s 



< 



27r 



m| ■\/m{u) hk{u) 



du. 
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To conclude the proof, it suffices to show that J^\u\ ^/m{u) hk{u) 
oo. By f l3.9p and (13 .yp we have 



du < 



\u\ \/ m{u) hk{u) 



du < Ak 12 
+ C 



\u\ 



l«l<i 



du+ 
\u\ du+ 



\u\ e 



-7« 



du 



'\u\>2y/k 

< Cik^^ + (72, 
where all the constants are independent of k. 

We conclude this section with a remark. 
Remark 3.9. When 



In m(-u) 
m2 + 1 



du > — oo, 



□ 



the function m admits a factorization m{u) = \h{u)\'^, where h is an 



outer function. One can define an operator through Tmf'^=h * f 
rather than the operator T^. We will not pursue this direction here. 



4. The white noise space and the Brownian motion 

In this section we review the construction of the white noise space and 
recall some results related to the Brownian motion. We refer the reader 
to [21], [22], [30] and [23] for additional information and references. To 
build the white noise space one considers the subspace iS]r(M) of the 
Schwartz space which consists of real valued functions. Denote by 
5k (M)' its dual. Let be the cr- algebra of Borel sets in the space 
iSr(M)'. The function 

K{si - S2) = exp(- ||si - S2||l2(r) /2) 

is positive in 5ir(M) in the sense of reproducing kernels since 

exp(- ||si - S2||l,(r) /2) = exp(- /2)x 

X exp(si , S2)l2(R) X exp(- ||s2||l2(k) /2). 

The space iSik(]R) is nuclear, and therefore the Bochner-Minlos theorem 
(see for instance [22l Appendix A, p. 193]) implies that there exists a 
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probability measure P on (5k(M)', JF) such that, for all s E 
(4.1) £;(e^Q4s'))4i- f e^QsW)^P{s') = e"^^, 



where Qs denotes the linear functional Qs{s') = {s' , s) ^^f^^y ^^^^y, see 
P, (2.1) p. 348], Ha (2.3) p. 303]. Note that is the canonical 
isomorphism of the Schwartz space iSk(M) onto its bidual; see ^24j, p. 
7]. Definition (14.11) implies in particular that 

(4.2) E{Q,) = and E{Ql) = \\s\\l^^^y 
In view of (14. 2p . the map 

(4.3) s ^ Qs 

is an isometry from the real Hilbert space iSm(M) C L2(M) into the real 
Hilbert space L2(iSr(M)', J-', dP). It extends to an isometry from L2(M) 
into L2(5m(R)', dP), and we define for / e L2(M) 

(4.4) =• limg/„(s'), 

where the limit is in L2 (iS]r(M)', JF, c/P) and where /„—>■/ in Lj 
The limit is easily shown not to depend on (/„). 



In the sequel we consider complex-valued functions. The map (14.31) 
extends to an isometry between the complexified spaces of L2(M) and 
li2{,'^' (M) , , dP) . See for instance O pp. V4-V5] for the complexifi- 
cation of Hilbert spaces. 

The triplet L2(iSm(M)', JF, P) is called the white noise space. In accor- 
dance with the notation standard in probability theory, we set 

n = 5m (M)', 

and denote by 

>V = L2(fi,^,P). 
the complexified space of L2(iSir(M)', JF, P). 

The Brownian motion is a family {B{t,uj)} of random variables in the 
white noise space with the following property: 

(1) B{0,u) = almost surely with respect to P. 

(2) {B{t,uj)} is a Gaussian stochastic process with mean zero and 
B{t,uj) and B{s,uj) have the covariance min(t,s). 

(3) s B{s,uj) is a continuous for almost all u with respect to P. 
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Define the stochastic process 

Then, for t,s > 0, 

E{Bit,Lu)B{s,ur) = {It,Is)j^.^)= [ Itiu)mu)ydu = mm{t,s). 

Jr 

By Kolmogorov's continuity Theorem the process has a con- 

tinuous version {B{t,u!)}, with is a Brownian motion. For F G W we 
now recall Wiener-Ito chaos expansion. In the stochastic process liter- 
ature this expansion is for real valued functions. We write it for the 
complexification of the underlying Hilbert spaces. This creates no tech- 
nical problem. 

The white noise probability space W admits a special orthonormal 
basis {Ha}, indexed by the set i (defined by fll.81) ). We will not recall 
the definition of this basis here, and refer to [221 Definition 2.2.1 p. 19]. 

Proposition 4.1. (Wiener-Ito chaos expansion) Every F eW can be 
written as 

with a G Cq, G C, and 
where a\ = ai\a2\a3\ ■ ■ ■ and 

oo 

(4.5) Ha{ujf^-l[ha^(Q~^^{uj)^, ueQ. 

k=l 

5. The Kondratiev space and the Wick product 
The Wick product is defined through: 
Definition 5.1. Let a,l3 E I, then 

Definition 5.2. Let F, G he two elements in W 

F = ^ ^ agi^iHa, and G = ^ ^ bgHg, 

a aGi 
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where a & i, aa,ba & C and aa,ba 7^ for only a finite number of 
indexes a. The Wick product of F and G is defined by 

This product can be shown to be independent of the basis {Ha}^^^, see 
[22l Appendix D, p. 209], but it is not defined for all pairs of elements 
in the white noise space. See [22]. 

The Kondratiev space S^i seems to be the most convenient space 
within which the Wick product is well defined. It is a space of dis- 
tributions. We first recall on which space of test functions its elements 
operate. 

Definition 5.3. The Kondratiev space Si of stochastic test functions 
consists of the elements in the form f = Ylaei (^aHa ^ VV such that 

5^|a„|'(a!)2(2N)'="<cx), A; = 1,2,..., 

and where 

(2N)" ^= (2 ■ 2)"^ (2 ■ 3)"^ ■ ■ ■ , a G £. 

Definition 5.4. The Kondratiev space S-\ of stochastic distributions 
consists of the elements in the form F = Ylaei baHa with the property 
that 

^|6„|'(2N)-«"<oo, 

for some g G N. 

S-i can be identified with the dual of Si and the action of F G S-i on 
/ = Y.aee G Si is given by 

(5.1) (F, f)s_,,si =■ Yl 

We also note the following: let a E i. By (14. 5p . using a Wick product 
calculation, we have 

00 

i^a(^) = n(^/;.M)"' 

A;=l 

for a = e*^*^^ = (0, 0, ■ ■ ■ , 0, 1, 0, ■ ■ ■ ), = for z 7^ and afc = 1 we 

get 

HeW =Q~h,= I hk{t)dB{t). 
Jr 
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We now review the main results associated with the Wick product and 
the Hermite transform. 



A key property of the basis {H^, a G is the following: define a map 
I such that 

where a E i, z = {zi,Z2, ■ ■ ■) G (the set of all sequences of complex 
numbers) and 



2" = z^'z^^ 



Then 

The map I is called the Hermite transform. 

We note that the spaces S^i and 5*1 are closed under the Wick product; 
see 1221 lemma 2.4.4, p 42]. 

Definition 5.5. Let F = Xlae^'^Q-^a ^ 'S'„i. Then the Hermite trans- 
form of F , denoted by I{F) or F , is defined by 

IiF)iz) = F{z)=J2(^az''. 

Proposition 5.6. [22^ Proposition 2.6.6, p. 59] Let F,G e S-i. Then 
/(FoG)(z) = (/(F)(^))-(/(G)(z)). 

6. The m-BROWNiAN motion associated with 

In this section we define the m-Brownian motion associated with the 
operator Tm defined in (13. 2p . and the analogue of the Wiener- Ito chaos 
expansion (see Proposition 14.11) . Using Lemma 13.71 we have T^It ^ 
L2(M) and by the expansion in L2(M) in term of the Hermite functions 
hn we obtain 

00 
fc=l 

where 



Tmluhkj = {luTrahkj = / It{y){Tmhk){y)dy . 
Definition 6.1. The process < Bm{t,uj), t G M ^ defined through 



Brn{t,Ujf=QT^lXuj), 

where t G M anduj G VL will be called the m-Brownian motion associated 
with m. 
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As already noted in Section [31 when the function m is given by (13.51) 
(or, equivalently, the function r is given by (I1.5I) ). the operator is 
equal to the operator defined in [19] and [8] . Then, reduces to 
the fractional Brownian motion with Hurst parameter H G (0, 1). 

Lemma 6.2. The m-Brownian motion has the following properties: 

(1) EiB^{t,iu)B^{s,u;)*) = Kr{s,t). 

= 2 Re r{t - s). 



(2) E\^Bmit,Lu)-BUs,Lu) 

(3) Re r{t) < Cit^ + Cst 

for some positive constants Ci and C2. 

Proof: To prove item (1) we note that 

E{Bjnit,Uj)Bm{s,Uj)*) = {TmIt,TmIs)i^.^(j^'j 

{TmIt){u){{T^It){u)ydu 
{T^It){u){{TmIs){u)y du 
m{u){l[Q^t]){u) (^(l[o,s])(u)j du 

m{u)du 



ft 

m[u) 



U 

Kr{s,t). 



u 



The proof of the second statement is carried out by direct computa- 
tions: 



E 



Bm{t,uj) - Bm{s,uj) 

E{{Bm{t,Uj) - Bmis,Uj)){Bm{t,Uj) - 5„(s,t^))*) 
E |5m(t, Uj)Bm(t, U)* - Bm{t, Lj)Bm{s, u)* 

-Bm{s, Lj)Bm(t, U)* + Bm{s, u)Bm{s, u)* 
25 



Using the first statement we get 

- E{Bm{s, Uj)Bm(t, U)*) + E{Bm{s, Lu)Bm{s, Lo) 
= {Krit, t) - Kris, t) - Krit, s) + Kr{s, s)} 

= (r(t) + r{ty - (r(s) + r(t)* - r(s - t)) 

- (r(t) + r{s)* - r{t - s)) + r{s) + r{s)*) 
= (r(t-s) + r(t-s)*) 

= 2 Re r{t- s). 

Finally, recall that we have 



f ( ^ TTliU] 

Re r(t) = \l- cositu) \^:r^du. 



Then, when m{u) satisfies fl3.1UI) we get 

^ /X f.. /"Ml -cos (to) I , ,w /"^ |1 - cos(tn)l 
Re r(t) <2{K ^ 'U u + K' / ^ r^^rfn 



But 



i2sin2(f) , 2 , 1 , 



~ Jo 2^2+'' 2 Jo «^ 2(1-6) 

since for t G [0, 1] we get tu G [0, 1] and sin2(Y) < Furthermore, 

11 -cos(tM)| , Z'"" 11 -cos(to)| , 
-du < / du 



dv 



f2 ./i f2 



/n 



°° |l-cost;| 

^ 11 — cosf I , /""^ 11 — cosvl , 
' ^dv + t -dv 



;^ 2sin2(^) 1 
< t / :^dv + 2t / —dv 



f2 Jl f2 

t v'^ 1"°° 1 

t 5t 
= - + 2t = —. 
2 2 
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Thus, 



Re r{t) < |Re r(t)| <2\k 



2(1-6) 2 ^ 



□ 



The next step is to show that <^Bm{t, cu), t G M| meets the criterion of 

Kolmogorov Theorem concerning the existence of a continuous version 
of a given stochastic process. Using the fact (see for instance [2^, p. 5] 
with p = 2n) that 



(6.1) E 
where 



Emit, LU] 



2n 



K{2ny^{E{ Ern{t,UJ 



2n 
2 



'-n/ 2n+l \ \ 2»i 

K{2n) = V2l ^2 



V2 



2n\ 



we have 



E 



Bm{t,Uj) - Bm{s,Uj) 



k{A)^e( Emit,tu)-B^is,u] 



2 \ 2 



By (ED, ([3D we get 



«(4)^E Bmit,Lu)-Bmis,u] 



2 N 2 



(Re r{t - s)y 



< ^{4^ (Ci(t - + C2{t -s)y = {t- s)\A + B{t - s))^ 

for t — s G [0,1]. By Kolmogorov's continuity theorem the process 
Bm(t,Lj) has a continuous version Bmit^u) where t G [0, 1], which we 
will define as the m-Brownian motion associated with Tm- One can 
show in a similar way that a continuous version exists on every finite 
interval. 

Proposition 6.3. Bm{t) is a Gaussian random variable with 



0, 



EiB:^it,uj))={ {2k)\ 
2m 



\TmIt 



\2k 



if n = 2k-l 
if n = 2k 



fork = l,2,.... 

Proof: By (14. ip with Bm{t,uj) = Qr^^hi'^), we have 



E{e-x^{iBm{t,uj))) = e 
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and therefore Bmit.oj) is a Gaussian random variable. We now verify 
that 

71=0 n=0 

Since e~ " "2'" g M, we have that: 



n=0 ■ n=0 

Since Bm{t,uj) is a centered Gaussian random variable, we have that 
E{B^~\t, u)) = for A; = 1, 2, . . ., and we get 

n=0 ' n=0 



We have to verify 

n=0 n=0 

Let e G M. Using (16.11) we have 

^ \e\'-Ei\BUt,u;)f-) _ lef"" K{2nr {E \BUt,u;)\y 
^ 2n\ ^ 2n\ 

n=0 71=0 

- \e\'-{E\BUt,u;)\y 

— — < 00. 



E 



2"n! 

n=0 

We can thus use the dominated convergence theorem, to obtain that 

^(E4b™(*--)) = E^'^^(^™('.-)) 

k=0 k=0 
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£=0 



E(-i)' 



The proof is completed by comparing the powers of e on both sides. □ 



Remark 6.4. In view of (11. 4p we have 

ll^m-^tll^ = Kr{t, t). 

Remark 6.5. Since for any t e M, Bm{t) is written as a weighted sum 
of the {Ha, a & i} (for an explicit expression, see (17. 3p below), in turn 
being jointly Gaussian random variables, it follows that {Bm(t), t G M} 
is a Gaussian process. 
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The following proposition will be used in the sequel of this paper, where, 
as already noted, we develop the stochastic analysis associated with the 
processes Bm- 

Proposition 6.6. Let f G dom (T^) and n eN. It holds that: 

Qt^A^)-^- 2^ [-2) (2k-n)\ {n-k)\ ■ 
In particular, for f = It, it holds that 

^ V 2) {2k -ny. {n-k)\ • 
Proof: Let e G M then 

exp {QeT^Auj)) = 2^ = 2^ 

n=0 

By [211 Theorem 3.33, p. 32], we have 



n=0 n=0 



1 2 

exp*(g,T^/(^)) = exp(Q,r™j(a;) - - ||eT^/|| ) 



{^QT,A^)-¥\\Tmfff 



k\ 
k=0 



J2 J2 e^'-^ (^^-/(^))^' (-111^-/11')'"^' 



k=0 j=0 \ J / 



Hence, 



n\ j! (/c-j)! 



n=0 ■■" fc=0 i=0 



and comparing the powers of e leads to: 



n\ ^ \ 2) (2k-n)\ (n - k)\ 



□ 
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7. The m- white noise 

One important aspect of the white noise space theory is that the Brow- 
nian motion admits a derivative, which belongs to the Hida space (5*)* 
(the definition of which we do not recall in this paper), and in partic- 
ular in the Kondratiev space S^i. See |22l P- 53]. In this section we 
prove that this result still holds for the m-Brownian motion. For the 
next definition, see also p2"L Definition 2.5.5, p. 49], where the integral 
is defined to be an element in the Hida space (S)*. 

Definition 7.1. Suppose that Z : —>■ S_i is a given function with 
the property that 

{Z{t),f) EL,{R,dt) 

for all f E Si. Then J^Z{t)dt is defined to be the unique element of 
S-i such that 

' ' Z{t)dt,f) = [ {Z(t)J)dt 



for all f E Si. 

In view of Lemma 13.81 the coefficients of the expansion (17. ip below are 
continuous functions, and not merely elements of L2(M). 

Definition 7.2. The m-white noise Wm{t) is defined by 

oo 

(7.1) WUt) = J2{^rnhk){t)H^i.). 

k=l 

Theorem 7.3. For every realt we have that Wm{t) G S-i, and it holds 
that 

(7.2) BUt)= [ WUs)ds, teR. 

Jo 

Proof: Let g > 2 G N. Then, using fl3.10p . we have: 

oo ^ oo 

J2 I (rjik) (t) I {2k)~'' < Y^iCik^' + 02?^-" < OO, 

k=l k=l 

and so Wm{t) G S^i. We now prove (17.20 . By construction, Bm{t) G W 
for every t G M, and we can write 

oo 

(7.3) Bm{t) = J2bk{t)H,c,), 

k=l 

where 



hit) = j (Tmhk^ is)ds, 
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with the convergence in the topology of W. We want to show that, for 
every f E Si, we have 







where ( ■ . ■ )s-i,Si denotes the duahty between Si and S_i (see flS.ip ). 
To that purpose, let g > 2 G N. By using the estimate fl3.10p . then, 
with / = Yla&i. faHa wc havc for u G [0, t] (and in fact for every m > 0), 



k=l k=l 



J2 \Tmhkiu)fk\ = J2 \Tmhk{u)\{2k)-%2ky\fk\ 
=1 

'' oo \ 2 



< 



,fc=i / \fe=i 

< oo, 

since f E Si. Therefore the series 



\Tmhk{u)fk\ 



k=l 

converges absolutely. Using the dominated convergence theorem we 
can write 



= y2\ Trnhk{u)du ] fk 

k=l V^o / 



Si- 



□ 



We now show that, conversely, 

Buty = wut), 

in the sense of -pro cesses; see [221 P- 77] and further below in the 
current section. In the following statements, the set Kg{6) is defined 
by 

Kg{6) = G : ^ (2N)«" < 6^}. 
See [221 Definition 2.6.4 p. 59]. 

Proposition 7.4. The function I{Wrn{t)){z) is bounded for (t,z) G 
R X K2{S). 
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Proof: Write 

oo 
k=l 

Taking the Hermite transform we have 

oo 
k=l 

Thus, for every g > 2 G N and using fl3.10p we have: 



Zk 



k=l 

oo 



2 Zk 



J2iTmhkm{2k)H2k)^ 
=1 



,k=l 
oo 



.fc=l 

2 



The first sum converges when q > 2 and the second converges since 
z G K2{S). We conclude that the function l(Wmit)){z) is bounded for 
any pair (t, z) eR x K2{5). □ 

Theorem 7.5. The function I{Wm{t)){z) is uniformly continuous in 
t forze Ki{5). 

Proof: Using the Cauchy-Schwartz inequahty, we have: 

\l{Wm{t)){z) -1{W^{S)){Z)\ 



Zk 



^ \{Tmhk){t) - {Tmhk)is 

k=l 

oo 

{iTnJik){t) - {Tjik){s)j {2k)-i{2k)-2Zk 

k=l 

/ oo ^ ^ 2 

< [J2\{{TMit) - {TMis)]\ {2k) 

oo 



32 



and thus 

2 



l{Wmimz) -liWUs))iz)\ < 5^|{(T„/i,)(t)-(T„/ifc)(s)}| i2ky 

,fc=i 

\ 2 



Q 



<\t~s\ J^jCifc^+Cs} {2k) 



2 

-9 



2 

X 



1 

2 



X 



where we have used (I3.1ip to go from from the first inequahty to the 
second. 

The first sum converges for g > 4 and the second converges since 
z G K^i^S), so we conclude that l{Wm(t)){z) is continuous in t for 
every z E K4{6). □ 

We now recall the following result of [22], called the differentiation of 
S^i processes. 

Proposition 7.6. ^22^ Lemma 2.8.4 p. 77] Suppose {X{t,uj)} and 
{F{t,uj)} are S-i-valued processes such that 

M^^(i(F)W)W 

for each t G {a,b), z G Kq{6) and that {l{F){t)){z) is bounded for 
(t,z) G (a, 6) X Kg{6), and is a continuous function oft for every 
z G Then X(t,u;) is a differentiable process and 

dX{t,u) _ 

for all t G (a, b). 

In view of this proposition, the first step toward showing that Wm is 
the derivative of By^ is to show that this fact holds for the Hermite 
transforms. This is done in the following lemma. 

Lemma 7.7. Lett eM. and z G Ki{5). Then 
dI{B^{t)){z) 



dt 
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I{W^{t)){z). 



Proof: Let heR. Then 

I{Bm{t + h)){z)-l{B^{t)){z) 



h 



1 

W\ 

1 

W\ 



E 

k=l 

oo 

E 

fe=i 



{TrJlk){s) - {TrJlk){t)^ dsZk 

{Tjik){s) - {Tjik){t)] ds{2k)-'{2k)hk 



< 



^ / oo I't+h 

\h\\^ J, {{Tjik){s)-{Tjiu){t))ds 



Kk=l 

oo 



<1 



oo ^t+h 



< 



and therefore 



oo /.t+/l 



\q(x I ^al 



■ 3 / oo 



< 



I a I 



>H0 



0. 



We are now ready for the main result of this section: 
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Theorem 7.8. It holds that 

dBmit) 
dt 

in the sense that 

d{l{B^{t)){z)) 
dt 

for all t G M, point-wise houndedly. 



W^{t) 

--l{Wm{t)){z) 



Proof: Taking in Proposition [TJl X{t,uj) = Emit), F{t,uj) = Wm{t) 
we have from Lemma [7.71 

dt 

for all {t,z) G M X K4^{5), and by Proposition [731 UWmit)){z) is a 
bounded function for all {t, z) eRxK2{6), then for all {t, z) G RxKi{5) 
the pair {l{Brn{t)){z),l{Wm{t))){z) satisfied the condition of Proposi- 
tion 17.61 then we can conclude that Bm{t) is a differentiable in S-i 
process which completes the proof. □ 
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